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Research i n  the f i e l d  of t h i s  grant  has been continued 
along very similar l i n e s  as i n  the previous repor t .  The 
p r inc ipa l  workers were F. John, E. Reiss, C.  Sensenig, 
J. J. Stoker, and several  students.  Their contr ibut ions a re  
described below. 

F. John completed the f irst  phase of a study of Thin 
E l a s t i c  Shel l s .  The problem here was t o  der ive i n t e r i o r  
two-dimensional equations f o r  su i t ab le  quan t i t i e s  descr ibing 
the loca t ion  and s t r e s s e s  of the s h e l l  from the  exact" non- 
l i n e a r  3-dimensional equations. 
formal expansions which would lead  t o  no e r r o r  es t imate  i n  the 
approximations; but the a i m  here was r a the r  t o  der ive equations 
w i t h  e r r o r  es t imate .  The qual i ty  of the r e su l t i ng  approximation 
depends, of course, on various circumstances about which assump- 
t i o n s  have t o  be made. A p r i o r i  es t imates  f o r  the s h e l l  equa- 
t i o n s  derived here were given i n  terms of the thickness  of the 
s h e l l ,  i t s  curvature, the dis tance from the edge, and the  
m a x i m u m  s t r a i n  of the  she l l .  Later  phases of the pro jec t ,  i t  
i s  hoped, w i l l  become more r e a l i s t i c .  Instead of comparing 
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the  d i f f e r e n t i a l  equations one would l i k e  t o  compare t h e i r  solu- 
t ions;  instead of assuming information on the  m a x i m u m  s t r e s s  
one should ge t  along w i t h  the  prescr ibed boundary t rac t ions ,  or 
a t  l e a s t  w i t h  the  t o t a l  po ten t i a l  energy ( e s s e n t i a l l y  the L,- 
norm of the  s t r e s s ) .  

I n  the course of the invest igat ion on t h i n  shells,  Cescribzd 
above, a p r i o r i  es t imates  were given f o r  the Cerlvo.t-;--,-es o.$ Lhc 

solut ions of the 3-dimensional s h e l l  equations. These est imates  
bear some obvious a f f i n i t y  t o  the type of estimate Pov-nd by the 
use of S t .  Venant's p r inc ip le .  This  suggestion has been pursued 
i n  a Ph.D. t h e s i s  by Joseph Roseman. Drawing on various methods 
developed i n  the theory of e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n s  by Lax, Nirenberg and others  and w i t h  some fee l ing  f o r  the 
physical"  o r  geometrical" s i t ua t ion  a t  hand, Roseman succeeded 

i n  der iving rigorously S t .  Venant's p r inc ip le  f o r  long two- 
dimensional "bodies", showing exponential decay wi th  dis tance of 
a l l  but the r e su l t an t  and moment of the t r ac t ions .  Proceeding 
t o  the  more d i f f i c u l t  3-dimensional case, i t  happened that the 
main obstacle  had j u s t  been removed by the r e s u l t s  of Toupin 
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of IBM, and it  ;emained for Roseman t o  sharpen Toupin's L2- 
r e s u l t  i n t o  a pointwise statement. 

Another aspect of e l a s t i c i t y  theory i s  cur ren t ly  being 
s tudied by John., This  i s  the problem of possible  deformation 
of solids of a g3ven shape f o r  prescribed m a x i m u m  s t r a i n  of the 
deformation, s tudied purely geometrically and qui te  divorced 
from any considerat ions of dynamics o r  mater ia l  composition, and 
hence a l s o  from any d i f f e r e n t i a l  equations, apar t  from the d i f f e r -  
e n t i a l  i nequa l i t i e s  describing the maximum s t r a i n .  There must 
be purely geometric reasons why it i s  harder t o  make an impression 
on a s o l i d  sphere than on a t h i n  long ba r ,  or why a t h i n  column 
buckles more e a s i l y  than a th i ck  one. The present  study under 
the  general  name of Quasi-Isometric Mappings s e t s  out  t o  inves t i -  
ga te  t h i s  question. Though technical ly  performed i n  Hilber t -  
spaces the aim of t h i s  invest igat ion i s  purely 3-dimensional. It 
incorporates  some r e s u l t s  published e a r l i e r  i n  l e s s  complete form, 
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w i t h  proofs now no more dependent on the use of coordinate systeins, 
and adds various new r e s u l t s .  
they already present estimates w i t h  the  r igh t  orders  of magnitude, 
e.g. indicat ing on purely geometrical grounds the order  of thick-  
ness-length r a t i o  of a s lender  column f o r  the s t r a i n s  a t  which i t  
i s  l i k e l y  t o  buckle. 
e l a s t i c i t y ,  as far as these orders of magnitude of phenonena a re  
concerned, can be formulated without discussing the solut ion of 
p a r t i a l  d i f f e r e n t i a l  equations a t  al l ;  roughly speaking one would 
proceed along the l i n e s  of a pure dimensional theory. 

of cy l ind r i ca l  she l l s .  The existence of an intermediate buckling 
load, f irst  conjectured by Friedrichs f o r  spherical  she l l s ,  was 
establ ished f o r  several  loading s i tua t ions .  Rigorous upper and 
lower bounds f o r  t h i s  load are  being obtained. 

ana ly t ic  and numerical, on h i s  s h e l l  theory i n  which rounds are 
deformed i n t o  smooth curves w i t h  c e r t a i n  propert ies .  I n  p a r t i -  
cu la r ,  he has been ca lcu la t ing  the deformations of a c i r c u l a r  
p l a t e  using t h i s  theory. Analytically,  he has been estimating the 
displacement der ivat ives ,  the s t r e s ses  and the stress der ivat ives  
i n  terms of displacements. The ul t imate  object ive i s  t o  r e l a t e  
h i s  own theory t o  F r i t z  John's asymtotic methods as applied t o  
the case of t h i n  s h e l l s .  

J. J. Stoker has continued reworking h i s  notes  on non-linear 
e l a s t i c i t y .  He has a l so  been d i rec t ing  the work of J. Wolkowisky 
and R. Dickey. M r .  Wolkowisky i s  inves t iga t ing  the behavior of 
a non-linear p l a t e  s i t t i n g  on a spr ing and loaded a t  the edge. 
The idea  i s  t o  f ind  the buckling modes at the edge. T h i s  i s  a 
simple model f o r  the c r u s t  of the ea r th  and f o r  the formation of 
mountain ranges on the r i m  of the ocean. Mr. Dickey has completed 
a t h e s i s  on the dynamic deformation of a x i a l l y  symmetric e l a s t i c  
surfaces .  The main concern has been w i t h  the  displacements of 
soap films, but work has also been done on rubber-l ike and c l a s s i c  
mater ia l s  

While these a re  not  ye t  the best ,  

The hope i s  t h a t  perhhps a good deal  of 

E. L. Reiss has continued h i s  work on non-linear buckling 

Most of C .  Sensenig 's  work has been a continuation, both 
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